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Liquid crystal hyperbolic metamaterial for wide-angle negative-positive
refraction and reflection
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We show that nanosphere dispersed liquid crystal (NDLC) metamaterial can be characterized in near IR
spectral region as an indefinite medium whose real parts of effective ordinary and extraordinary permittivities
are opposite in signs. Based on this fact we design a novel electrooptic effect: external electric field driven
switch between normal refraction, negative refraction and reflection of TM incident electromagnetic wave from
the boundary vacuum/NDLC. A detailed analysis of its functionality is given based on effective medium theory
combined with a study of negative refraction in anisotropic metamaterials, and Finite Elements simulations.
I. INTRODUCTION
Novel metamaterials1,2, in particular those for which
the spatial distribution of optical parameters can be
specifically tailor–made, have proven to be a viable
route to realize various linear, nonlinear or tunable op-
tical properties and processes. Amongst them, the
hyperbolic metamaterials (HM) - indefinite metama-
terials, for which the permittivity and permeability
tensors are negative along only certain of the princi-
pal axes of the metamaterial3 - attract interest be-
cause of possibilities of optical steering and manipu-
lation. Closely related are optical effects like nega-
tive refraction4,5, hyperlensing6–9, cancellation of re-
flection and transmission10. Optical devices based on
indefinite media are designed, like, e.g., polarization
beam splitters11, angular filters12, optical transmission
modulator13. Theoretical approaches were worked out
to handle the negative refraction in anisotropic indefinite
media have also been presented4,14,15.
Tunability and simple production become important
requirements. One of the few metamaterials which offer
tunability16, is nematic liquid crystal (NLC) doped with
coated core-shell spheres (NDLC)17. Recently we have
demonstrated a negative refraction in near infra-red (IR)
in this system with a planar NLC configuration for a wide
interval of incident angles of electromagnetic (EM) wave,
using finite elements (FE) calculations (Comsol)18. Sim-
ilar results in visible light range were presented in Ref.19
where it was shown that a HM consisting of NLC doped
with a sufficiently high concentration of silver nanopar-
ticles can become a HM; all-angle negative refraction for
homeotropic NLC orientation was demonstrated based
on geometric arguments.
The point we would like to emphasize here is that a
medium is indefinite is neither necessary20,21 nor a suf-
ficient condition for negative refraction; we shall show
below that for a HM a positive refraction as well as re-
flection can take place. Thus, additional quantitative
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calculations are necessary to trace the path of EM in an
indefinite medium.
The aim of this paper is to design, using effective
medium approximation and FE calculations, an electric
field driven device for switching in NDLC HM between
three scenarios: negative refraction, positive refraction
and reflection for wide intervals of angles of incidence
of EM and of NLC director orientations. To this end,
the approach based on negative refraction in anisotropic
metamaterials14,15 is used.
II. NDLC AS A TUNABLE INDEFINITE MEDIUM
Consider a rectangular NLC cell with thickness L along
x direction, filled with NDLC metamaterial described be-
low, with planar alignment of NLC molecules in x − y
plane (Fig. 1(a)). The incident light with transverse
magnetic (TM) polarization ( ~E in x−y plane and ~B along
z direction) propagates in x−y plane and impinges as an
extraordinary wave onto the NLC host. The permittivity
tensor for NLC reads22:
εLC =

 ε⊥ +∆ε cos2 γ ∆ε sin γ cos γ 0∆ε sin γ cos γ ε⊥ +∆ε sin2 γ 0
0 0 ε⊥

 , (1)
where γ denotes the angle between the +x axis and the
director ~n, ∆ε = ε‖ − ε⊥, ε‖ = n2e, ε⊥ = n2o.
The NDLC metamaterial17 comprises the host ne-
matic liquid crystal containing uniformly distributed
non–magnetic spheres with core radius r1, made of po-
laritonic material and semiconductor shell (Drude ma-
terial) with thickness d. The effective permittivity and
permeability of NDLC were calculated in Ref.17 using
Mie theory and Maxwell Garnet mixing rule:
εeff = ε3
(
k33 + 4πiNa1
k33 − 2πiNa1
)
, µeff =
k33 + 4πiNb1
k33 − 2πiNb1
, (2)
where k3 =
√
ε3 2π/λ, λ denotes the free–space wave-
length, ε3 − permittivity of the NLC host along main
axes, N – number density of the spheres, and a1, b1
2– scattering coefficients. Formula (2) is valid in long-
wavelength limit for low values of filling factor f =
4π(r1+d)
3N/3. Parameters used in this paper are: r1 =
0.05µm, d = 0.01µm, f = 0.06, ε(∞) = 17, ωT /2π =
360THz, ωL/2π = 855THz, γ1/2π = 3.75THz, ωpπ =
230THz, γ2 = ωp/60, λ = 1.75µm, see Ref.
17 for the
definitions. Plots of the real parts ε′eff = ℜ{εeff},
µ′eff = ℜ{µeff} in function of ε3 are shown in Fig.
1(b).
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FIG. 1. (Color online) (a) Geometry of the system. (b) De-
pendence of effective permittivity and permeability on per-
mittivity of the LC host ε3, Eq. (2).
The propagation of a TM incident wave in this medium
can be described by specifying ε′eff in the propagation
plane along principal axes and (µ′eff )zz
4. Those com-
ponents were calculated from Eq. (2) using the tensor
components of ε3 along main axes: ε‖ and ε⊥
23. In this
paper we put ε⊥ = 2, ε‖ = 2.91. Then, (ε
′
eff )⊥ ≃ −0.52
for ε3 = ε⊥ and (ε
′
eff )‖ ≃ 2 for ε3 = ε‖. As the real
parts of effective permittivities along principal axes are
opposite in signs, NDLC is an indefinite medium. The
effective permeability is independent on ε3 in the interval
of values relevant for this design (Fig. 1(b)) and we put
(µ′eff )zz ≡ µ′eff ≃ 1.
The tensor components (ε′eff )xx, (ε
′
eff )yy, (ε
′
eff )xy
in coordinates from Fig. 1(a), calculated by rotating
the diagonal tensor in principal axes around z axis by
angle γ, are shown in Fig. 2. As angle γ character-
izes the direction of the optic axis which can be varied
through the external electric field, we conclude that the
NDLC becomes (within the limits of validity of the effec-
tive medium theory) a tunable hyperbolic medium.
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FIG. 2. The dependence of tensor components (ε′eff )xx,
(ε′eff )yy and (ε
′
eff )xy on rotation angle γ.
III. REFRACTION ON THE BOUNDARY
ISOTROPIC/INDEFINITE MATERIAL. ALL-ANGLE
NEGATIVE REFRACTION
Rotation of the director of NLC accompanied by the
variation of the effective permittivity tensor changes the
refraction at the boundary isotropic/indefinite medium.
In geometric approach this rotation promotes the rota-
tion of the hyperbola of equifrequency contour in NDLC
material14. In the principal axes of effective permittivity
tensor this hyperbola determines the dispersion relation
for TM waves in NDLC2:
k2x
(ε′eff )yy
+
k2y
(ε′eff )xx
=
ω2
c2
, (3)
where c denotes the velocity of light in vacuum. The case
of γ = 90◦ is shown as inset in Fig. 3, where the equifre-
quency contour of an isotropic material is represented by
a circle. Based on this diagram, the geometrical anal-
ysis of refraction can be done in a standard way14 by
observing the continuity of the tangential components
of incident (~ki) and refracted (~kr) wave vectors. The
direction of energy flow described by the Poynting vec-
tor ~S within the indefinite medium is indicated by the
arrow drawn normal to the hyperbolic isofrequency sur-
face. The refraction angles for the wave beam θr,S and
for the wave vector θr,k can be calculated analytically.
The same geometric approach is used in the case of ro-
tated nematic/equifrequency contour (see, e.g., appendix
in Ref.14).
In the case of uniform configuration of NLC (γ = 90◦)
the geometric approach predicts that negative refraction
of the TM wave occurs for all angles of incidence θi (solid
line in Fig. 3). This prediction is confirmed by FE cal-
culations (symbols in Fig. 3). Fig. 4 characterizes the
energy flow and electromagnetic wave in the system for
angle of incidence θi = 40
◦. Part (a) shows the magni-
tude of the electric field and Poynting vectors, part (b)
– the z-component of magnetic field. Direction of vector
3~kr for refracted wave and angle of negative refraction for
Poynting vector are in agreement with analytical results
from Fig. 3.
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FIG. 3. (Color online) Plots of refraction angles θr,S(θi)
(solid line) and θr,k(θi) (dashed line). Symbols represent FE
results18. Large symbol - see Fig. 4. Inset: isofrequency con-
tours for the TM wave incident from an isotropic material to
an indefinite one with (ε′eff )xx < 0 and (ε
′
eff )yy > 0 for the
angle of incidence θi = 30
◦.
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FIG. 4. (Color online) Finite Element simulations of the elec-
tric and magnetic field mapping for gaussian beam with TM
polarization, θi = 40
◦. Magnitude of the electric field and
Poynting vectors (a), z-component of magnetic field (b).
IV. ELECTRIC SWITCH BETWEEN
NEGATIVE/POSITIVE REFRACTION AND REFLECTION
Using the formalism presented in the last Section we
have studied the behaviour of a plane TM wave incident
from vacuum on the indefinite NDLC for a few chosen
angles of incidence θi and for an arbitrary orientation of
NLC director (0 ≤ γ ≤ 180◦). The dependence of refrac-
tion angle θr,S on γ is shown in Fig. 5. We have singled
out three distinct regions. We first discuss Region II that
was calculated using analytical geometric approach and
extends from γ = γN ≃ 64◦ to γ = γP ≈ 116◦. The
location of its boundaries is independent on θi. The neg-
ative refraction for the Poynting vector is present for all
angles of incidence θi, while positive refraction requires
that θi < θi,0 ≈ 50◦. For example, for θi = 30◦ nega-
tive refraction is present for γN < γ0 ≈ 106◦, positive
refraction – for γ > γ0. We have used the approach
from Ref.13 to show that in this region the wave vector
of the wave propagating in NDLC HM metamaterial is
purely real which implies that the plane wave impinging
from vacuum excites an homogeneous wave. In regions
I (γ < γN ) and III (γ > γP ) the geometric construc-
tion breaks down, the wave vector becomes imaginary,
which implies that the impinging plane wave excites an
evanescent wave.
To verify analytical geometric predictions we have used
FE calculations. In Regions I and III total reflection oc-
curs (there was no transmitted wave) while in Region II
the simulations for θi = 30
◦ (symbols) confirm theoret-
ical analysis. Small discrepancies close to boundaries of
Region II have numerical origin.
These results make possible a design of a novel elec-
trooptic effect: external electric field driven real time
switch between negative refraction, positive refraction
and total reflection. To illustrate its functionality we
have performed FE simulations of a TM gaussian beam
with λ0 = 1.74µm impinging a NDLC HM cell with
thickness 10µm at angle of incidence θi = 30
◦. In Fig. 6
the magnetic field mapping is shown for three operating
states of the switch, which depend on the orientation of
the NLC host controlled by external electric field: nega-
tive refraction for γ = 90◦ (top); positive refraction for
γ = 110◦ (middle) and total reflection for γ = 0◦ (bot-
tom).
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FIG. 5. Refraction angle θr,S in function of the orientation
γ of NLC director for θi = 0
◦ (full circles), 30◦ (solid line),
50◦ (squares) and 80◦ (triangles). Large circles represent FE
calculations for θi = 30
◦.
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FIG. 6. (Color online) Operating principle of the switch. Left:
orientation of NLC host, right: magnetic field mapping for a
gaussian TM beam incident at θi = 30
◦. Negative refraction
(γ = 90◦, top); positive refraction (γ = 110◦, middle); total
reflection (γ = 0◦, bottom).
V. CONCLUSIONS
We have shown using effective medium approach and
FE calculations (Comsol) that nanosphere dispersed liq-
uid crystal metamaterial becomes a tunable indefinite
medium in near IR. The tunability is provided by vary-
ing the external electric field which changes the orien-
tation of the NLC director, the overall effective per-
mittivity tensor and the orientation of the hyperbola of
the dispersion relation of extraordinary waves through
the medium. The latter allows to control the character
of electromagnetic field in the medium: propagating or
evanescent. We have exploited this tunability to design
a new electrooptic effect for the manipulation of light:
electric field driven switch between negative and positive
refraction and reflection, and have illustrated its func-
tionality. Compared to negative refraction in pure NLC
medium20,21 the NDLC device operates in much wider
intervals of incidence/refraction angles.
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